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The annihilation of heavy particles close to thermal equilibrium, which plays a prominent role
in the chemical equilibration of heavy quarks in the Quark-Gluon Plasma (QGP) as well as in
many classic dark matter scenarios, is reexamined. We derive a scattering amplitude that resums
near-threshold attractive interaction of the annihilating particles in terms of the non-relativistic
scattering T -matrix and Green’s function, thereby capturing the pertinent Sommerfeld enhancement
from both nonperturbative scattering state and bound state solutions. The derived formula is of
such generality that it applies to arbitrary partial wave processes of two-particle annihilation, and
enables to incorporate finite widths of the annihilating particles. In a screened potential model, the
non-perturbative scattering amplitude is computed and the Sommerfeld enhancement is identified
for heavy quark-antiquark annihilation in the QGP.
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I. INTRODUCTION
Heavy particle annihilation near threshold represents a
phenomenon that is encountered in different context. For
example, a heavy quark (Q) and an anti-heavy quark Q¯
in the Quark-Gluon Plasma (QGP) may annihilate into
gluons toward chemical equilibration (although at a rate
much slower than the kinetic equilibration) [1–4]. Re-
versing the direction, pair production of heavy particles
has been widely studied in literature, e.g. the top-antitop
quark pair production at collider energies [5–8]. It is also
of particular relevance to the dark matter search in con-
nection with the Weakly Interacting Massive Particles
(WIMP) annihilating into Standard Model particles [9–
11].
In all the aforementioned examples, the annihilation
(or production) rate of the slowly moving particles could
be much enhanced if the mutual attractive interaction
prior to annihilation is taken into account, a phenomenon
known as the Sommerfeld effect [12]. Indeed, for scatter-
ing of non-relativistic particles with a light force media-
tor, the Feynmann amplitude of a ladder diagram picks
up a factor of α/vrel (where α denotes the pertinent cou-
pling and vrel the relative velocity between the scattering
particles) per “rung”. Therefore, at low vrel, these ladder
diagrams are not any longer perturbative and need to be
resummed to yield a non-perturbative solution.
Concerning the pair annihilation of a heavy quark and
an antiquark (QQ¯) in near-thermal equilibrium at typ-
ical temperatures (∼ a few hundred MeV) of the QGP
created in relativistic heavy-ion collisions [13–16], it was
shown [2, 3] that the Sommerfeld enhancement factor
can be defined within the non-relativistic QCD frame-
work [17] in terms of an imaginary-time 2-point correla-
tor of the heavy quark singlet operators, whose spectral
function has been measured on lattice [3]. A large en-
hancement much above the perturbative prediction in the
color-singlet channel was identified, in association with
the formation of the QQ¯ bound state that offers a less
suppressed Boltzmann weight because of the binding [3].
The present work aims to reexamine the Sommerfeld
effect in the context of the heavy quark-antiquark pair
annihilation in the QGP. We derive a formula for the
heavy quark-antiquark scattering amplitude that resums
the attractive interaction in the color-singlet channel into
a T -matrix, from which the Sommerfeld enhancement
factor from both nonperturbative scattering state and
bound state solutions can be extracted. While the exist-
ing studies have usually been limited to s-wave scatter-
ing, we show that the derived formula applies to arbitrary
partial waves and also allows to incorporate finite quark
width effects. Within a screened potential model, we
compute the pertinent enhancement factor as a function
of energy as well as the thermally averaged enhancement
that is shown to agree with the lattice results [3].
II. DERIVING THE SOMMERFELD
ENHANCEMENT FACTOR
A. Nonperturabtive scattering amplitude: master
formula
As already pointed out in Ref. [5], the transition of a
QQ¯ pair to hadronic matter can be separated into two
parts: a part that contains all possible interactions be-
tween the Q and Q¯, followed by the second part repre-
senting their annihilation into gluons (and light quarks).
This is depicted in Fig. 1, where the T -matrix resums at-
tractive interactions to infinite order and Mpert denotes
the perturbative annihilation amplitude. One notes that
while the effective coupling responsible for the QQ¯ bind-
ing prior to annihilation could be very large, the coupling
strength associated with the annihilation into final states
remains weak as governed by the large mass of Q and Q¯.
The full nonperturbative amplitude represented in
2FIG. 1: (Color online) Annihilation of a pair of heavy quark
and antiquark, involving a nonperturbative scattering repre-
sented by the T -matrix prior to perturbative annihilation.
Fig. 1 is expressed as
Mnonpert(p→ anything) =
∫
d4k
(2π)4
T (k, p;P )
×S(k +
P
2
)S(k −
P
2
)Mpert(k → anything). (1)
In non-relativistic limit, the approximation of instanta-
neous interaction is appropriate, which removes the de-
pendence of the T -matrix (and of Mpert as well) on
the energy component k0 of relative momentum k be-
tween the intermediate Q and Q¯. As a result, upon writ-
ing the non-relativistic (scalar) Q and Q¯ propagators in
the center of mass (CM) frame with total momentum
P = (2mQ + E, ~P = 0) and quark width Γ [7]
S(k +
P
2
) =
1
2mQ(k0 +
E
2 −
~k2
2mQ
+ iΓ2 )
,
S(k −
P
2
) =
1
2mQ(−k0 +
E
2 −
~k2
2mQ
+ iΓ2 )
, (2)
the integration over k0 in Eq. (1) can be worked out by
using complex contour techniques
∫
dk0
2π
S(k +
P
2
)S(k −
P
2
) =
i
4m2Q
1
E −
~k2
mQ
+ iΓ
. (3)
Substituting Eq. (3) into Eq. (1), the nonperturbative
QQ¯ scattering amplitude is rewritten as
Mnonpert(~p→ anything) =
i
4m2Q
∫
d3k
(2π)3
G0(~k,E + iΓ)
×T (~k, ~p;E + iΓ)Mpert(~k → anything),
(4)
where the free two-particle Green’s function reads
G0(~k,E + iΓ) =
1
E −
~k2
mQ
+ iΓ
, (5)
which is the (diagonal) matrix element of the correspond-
ing Green’s operator
Gˆ0(E + iΓ) =
1
E − Hˆ0 + iΓ
(6)
in the basis made up by the eigenstates (|~k >, |~p >) of
the free Hamiltonian Hˆ0.
Eq. (4) serves as the master formula for the QQ¯ non-
perturbative scattering amplitude, which takes care of
the pertinent Sommerfeld enhancement from both non-
perturabtive scattering state and bound state solutions
of the T -matrix.
B. Analytical enhancement factor from
nonperturbative scattering state
We first show that the Sommerfeld enhancement fac-
tor from the nonperturbative scattering state solution as
discussed in literature [6, 11] can be derived from the
master formula (Eq. (4)). To make the derivations in a
more compact manner, we first introduce the Tˆ -operator
that satisfies the Lippmann-Schwinger equation [18]
Tˆ (z) = Vˆ + Vˆ Gˆ0(z)Tˆ (z) = Vˆ + Vˆ Gˆ(z)Vˆ , (7)
where z = E+iΓ, and the full 2-particle Green’s operator
Gˆ(z) =
1
z − Hˆ
, (8)
with the full Hamiltonian Hˆ = Hˆ0 + Vˆ . Therefore, one
has
G0(~k, z)T (~k, ~p; z) =< ~k|Gˆ0(z)Tˆ (z)|~p >=< ~k|Gˆ(z)Vˆ |~p > .
(9)
Further, introduce scattering state |~p+ >, the eigen-
state of the full Hamiltonian with the free energy
Hˆ |~p+ >= ~p2/2µ|~p+ >) (µ = mQ/2 being the re-
duced mass), that satisfies the scattering boundary con-
ditions [18]. The corresponding Lippmann-Schwinger
equation for |~p+ > reads [18]
|~p+ >= |~p > + Gˆ0(z)Vˆ |~p+ >= |~p > + Gˆ(z)Vˆ |~p > .
(10)
Combining Eq.(9) and Eq.(10), it is legitimate to rewrite
G0(~k, z)T (~k, ~p; z) =< ~k|~p+ >≡ Ψ˜~p(~k), (11)
where we have dropped the term < ~k|~p > that vanishes
for typical ~k 6= ~p, and Ψ˜~p(~k) is the scattering wave func-
tion in momentum representation.
Finally plugging Eq. (11) into Eq. (4), one arrives at
Mnonpert(~p→ anything) =
i
4m2Q
∫
d3k
(2π)3
×Ψ˜~p(~k)Mpert(~k → anything). (12)
3For s-wave scattering, M
(s)
pert(
~k → anything) = const.,
so that
M
(s)
nonpert(~p→ anything) = const.×
∫
d3k
(2π)3
Ψ˜~p(~k)
= const.×Ψ~p(~r = 0), (13)
and the pertinent Sommerfeld enhancement factor
S0(p) =
|M
(s)
nonpert(~p→ anything)|
2
|M
(s)
pert(~p→ anything)|
2
= |Ψ~p(~r = 0)|
2,
(14)
where constants have been absorbed such that the free
plane wave function is normalized to unity at the ori-
gin point: ψ~p(~r = 0) = 1 [11]. It is seen from Eq. (14)
that the effect of the nonperturbative interaction between
scattering particles prior to annihilation is to change the
value of the modulus of the scattering wave function at
the origin Ψ~p(~r = 0) relative to the free plane wave value,
since the QQ¯ annihilation takes place locally near ~r = 0.
In particular, for Coulomb potential (V (r) = −α/r) scat-
tering, the scattering wave function can be analytically
obtained [12], resulting in the s-wave Sommerfeld en-
hancement factor [6]
SCoulomb0 (p) =
π/ǫ
1− e−π/ǫ
, (15)
where ǫ = p/(µα).
For p-wave scattering, M
(p)
pert(
~k → anything) ∝
kcosθk, so that
M
(p)
nonpert(~p→ anything) = const.×
∫
d3k
(2π)3
Ψ˜~p(~k)kcosθk
= const.×
∂Ψ~p(~r = 0)
∂r
, (16)
and the corresponding Sommerfeld enhancement fac-
tor [19]
S1(p) =
|M
(p)
nonpert(~p→ anything)|
2
|M
(p)
pert(~p→ anything)|
2
=
|R′~p(~r = 0)|
2
p2
,
(17)
where R~p(~r) is the radial part of the scattering wave
function Ψ~p(~r). To sum up, the derived master for-
mula (Eq. (4)) for the QQ¯ nonperturbative scattering
amplitude reproduces the s-wave Sommerfeld enhance-
ment factor in literature [6, 11] and also allows to derive
the enhancement factor for p-wave scattering [19].
III. SOMMERFELD ENHANCEMENT IN A
SCREENED POTENTIAL MODEL
Now working with a screened potential model, we cal-
culate the Sommerfeld enhancement from the master for-
mula (Eq. (4)), for the QQ¯ annihilation in QGP in differ-
ent partial wave processes as a function of the incident en-
ergies. In particular, we compare the contributions from
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FIG. 2: (Color online) The s-wave Sommerfeld enhancement
computed from T -matrix scattering state solution with a
Yukawa potential with coupling constant α = 0.47 and screen-
ing massmD = 0.01GeV, in comparison with the correspond-
ing analytical result (Eq. (15)) from a Coulomb potential.
the nonperturbative scattering state and bound state so-
lutions.
A. Enhancement from nonperturabtive scattering
state solutions
The T -matrix that enters the master formula (Eq. (4))
satisfies the Lippmann-Schwinger equation in momentum
representation
T (~p ′, ~p;E) = V (~p ′, ~p)+
∫
d3~kV (~p ′, ~k)
1
E − E~k + iǫ
T (~k, ~p;E),
(18)
where E~k = k
2/2µ is the eigen-energy of the incident
particle. This T -matrix equation can be recast into an
1D partial wave integral equation [18],
Tl(p
′, p;E) = Vl(p
′, p)+
2
π
∫
∞
0
k2dk
Vl(p
′, k)
E − E~k + iǫ
Tl(k, p;E),
(19)
with the partial wave potential (jl being the spherical
Bessel function)
Vl(p
′, p) =
∫
∞
0
r2drjl(p
′r)V (r)jl(pr). (20)
To verify the correctness of the derived master formula,
we numerically evaluate Eq. (4) for the s-wave scattering
state solution and compare it to the corresponding ana-
lytical result Eq. (15) (for zero quark widths). For this
purpose, we work with a Yukawa potential
V (r) =
α
r
e−mDr, (21)
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FIG. 3: (Color online) The (a) s-wave and (b) p-wave Som-
merfeld enhancement factors computed from T -matrix scat-
tering state solutions with an input Yukawa potential with
screening mass mD = 0.4GeV and zero quark widths, com-
paring cases with different coupling constants. The dashed
line in panel (a) refers to the result without T -matrix resum-
mation.
with coupling constant α = 0.47 [20], quark mass mQ =
5GeV (µ = 2.5GeV), and Debye screening mass mD =
0.01GeV. The tiny value of the Debye mass makes the
Yukawa potential a reasonable proxy for the Coulomb
potential, while still maintaining numerical convergence.
Eq. (19) is solved via the matrix inversion method and
the calculated s-wave Sommerfeld enhancement factor is
displayed in Fig. 2. A considerable enhancement is seen
in the calculated factor toward low energies, in good
agreement with the analytical counterpart (Eq. (15)),
whereas at high energies it tends to the baseline unity.
Now still working with such a Yukawa potential as in-
put of the T -matrix but with mD = 0.4GeV (to ensure
better numerical convergence), we calculate the s-wave
and p-wave Sommerfeld enhancement factors for differ-
ent coupling constant α = 0.47, 0.35 and 0.20, as dis-
played in Fig. 3. One sees that for both s-wave and p-
wave, a large enhancement occurs at low energies, which
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FIG. 4: (Color online) The real and imaginary part of the
s-wave T -matrix at vanishing relative momenta p = p′ =
0 as a function of energy computed from an input Yukawa
potential with coupling constant α = 0.47, screening mass
mD = 0.4GeV and a quark width Γ = 0.1GeV.
becomes stronger for larger coupling constant, while ap-
proaching the baseline unity toward high energies. On
the other hand, if the T -matrix resummation is not to
be done (i.e., setting Tl=0 = Vl=0 and removing the non-
perturbative treatment), then the enhancement is much
diminished, as shown by the dashed line for α = 0.47 in
the upper panel of Fig. 3. Another observation is that
the s-wave enhancement is significantly stronger than the
p-wave counterpart toward zero energy for the same cou-
pling, since the isotropic s-wave scattering dominates the
low energy regime.
B. Enhancement from nonperturabtive bound
state solutions
The large enhancement of the QQ¯ annihilation rate as
seen from lattice measurements in Ref. [3] was suggested
to originate from bound state formation and subsequent
decay. To identify such a contribution in our approach,
we first scrutinize the bound state solution of the s-wave
T -matrix equation (Eq.(19) with l = 0) with α = 0.47,
mD = 0.4GeV and a finite quark width Γ = 0.1GeV
still in the Yukawa potential (Eq.(21)). A scan of the
resulting T -matrix at vanishing relative momenta (i.e.
Tl=0(p = 0, p
′ = 0)) with respect to energy yields a bound
state at binding energy E = −0.13GeV, i.e., the location
of the minimum (inflection) point of the imaginary (real)
part of the T -matrix as shown in Fig. 4.
Then the real and imaginary part of the bound state
T -matrix at fixed initial state relative momentum p =
0.1GeV are displayed in Fig. 5 as a function of the fi-
nal state relative momentum p′, in comparison with the
corresponding scattering state amplitudes obtained with
the same parameters (or up to a different quark width).
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FIG. 5: (Color online) The (a) real and (b) imaginary part
of the s-wave T -matrix at p = 0.1 GeV for bound state and
scattering state solutions computed from an input Yukawa
potential with coupling constant α = 0.47, screening mass
mD = 0.4GeV and a quark width Γ = 0.1GeV. The results
for the scattering state with zero quark width are also shown.
Both the real and imaginary part of the T -matrix from
the bound state solution exhibit a large amplification
at low momenta relative to the scattering state ampli-
tudes, while they all converge to zero at high momenta.
Another observation is that incorporating a finite quark
width Γ = 0.1GeV suppresses the scattering state am-
plitudes.
Now we are in a position to use these solved T -matrix
amplitudes to compute the pertinent Sommerfeld en-
hancement factor utilizing the master formula (Eq. (4)).
The results for the s-wave enhancement factor S0 as a
function of the incident energy are shown in the upper
panel of Fig. 6. One observes that the S0 computed from
the bound state solution is much magnified at all mo-
menta relative to that from the scattering state solution
(both with finite quark width Γ = 0.1GeV, which signif-
icantly reduces the scattering state enhancement factor
relative to the zero quark case shown in the upper panel
of Fig. 3 with otherwise same parameters, owing to the
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FIG. 6: (Color online) The (a) s-wave (α = 0.47, mD = 0.4
GeV and Γ = 0.1GeV) and (b) p-wave (α = 0.47, mD = 0.1
GeV and Γ = 0.05GeV) Sommerfeld enhancement factors,
comparing bound state and scattering state solutions.
corresponding suppression of the T -matrix amplitudes in
Fig. 5). Also the former displays a much slower drop-off
than the scattering state counterpart toward high ener-
gies where S0 should converge to the baseline unity. In
the p-wave case shown in the lower panel of Fig. 6, where
we choose to use a reduced screening massmD = 0.1GeV
in the potential in order to still retain a shallow bound
state solution with binding energy E = −0.01GeV, the
relative enhancement of S1 from the scattering state to
the bound state becomes less pronounced, and both con-
tributions tend to the baseline unity toward the same
p ≥ 1.5GeV.
IV. THERMALLY AVERAGED SOMMERFELD
ENHANCEMENT FACTOR
To examine the temperature dependence, a Boltzmann
factor weighted average is performed over the energy-
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FIG. 7: (Color online) Upper: the thermally averaged s-
wave Sommerfeld enhancement factor computed from T -
matrix with an input Yukawa potential with α = 0.47 and
Γ = 0.1GeV for varying screening masses, comparing pertur-
bative T = V scenario, nonperturbative scattering state and
bound state solutions. Lower: the same quantity computed
from lattice NRQCD for color-singlet (S¯1) and octet (S¯8), as a
function of reduced temperatures T/Tc; adapted from Ref. [3].
dependent s-wave Sommerfeld enhancement factor [3]
< S0 >=
∫
d3p e−Erel/TS0(p)∫
d3p e−Erel/T
, (22)
where Erel is the energy of the relative motion of the
annihilating particles.
Quoting a schematic relation between the screening
mass and temperature, mD ∼ T , we evaluate this ther-
mally averaged Sommerfeld enhancement factor for both
the scattering state and bound state solutions. As shown
in Fig. 7, nonperturabtive interaction forming the scat-
tering state only mildly enhances the < S0 > rela-
tive to the perturbative evaluation (i.e., setting T = V
without doing the T -matrix resummation). In con-
trast, the bound state solution results in a consider-
able enhancement, rendering it the dominant contribu-
tion and agreeing with the findings in lattice measure-
ments [3]. Comparing it to the result obtained from
lattice QCD estimates [3] in the color-singlet channel, a
common temperature-dependent behavior is found from
our computation that the averaged enhancement factor
is boosted by one to two orders of magnitude toward low
temperatures due to the weakening screening of the at-
tractive QQ¯ potential.
V. SUMMARY
In this work, we have reexamined the nonperturbative
enhancement in the pair annihilation of nonrelativistic
particles that is of direct relevance for determining the
abundance of heavy weakly interacting dark matter par-
ticles [9–11]. We have derived a master formula (Eq. (4))
in terms of the nonrelativistic Green’s function and the
elastic scattering T -matrix that accounts for the nonper-
turbative interaction of the annihilating particles before
the final state inelastic process and takes care of the per-
tinent Sommerfeld enhancement from both nonperturab-
tive scattering state and bound state solutions. This for-
mula is shown to be able to recover the analytical result
for the s-wave Coulomb scattering state and further al-
lows us to compute the Sommerfeld enhancement factor
in different partial waves and to incorporate the finite
quark width effects.
Using a screened QQ¯ potential model as illustration,
we have quantified the nonperturbative enhancement to-
ward low energies for both scattering state and bound
state solutions. We have also evaluated the thermally av-
eraged enhancement factor which turns out to agree qual-
itatively with the lattice QCD estimates upon incorporat-
ing the dominant bound state contribution. The direct
consequence of this enhancement is to boost the heavy
quark chemical equilibration [3] in relativistic heavy ion
collisions. Although heavy quark chemical equilibration
is unlikely in currently available heavy ion collision ex-
periments at RHIC and the LHC where the QGP formed
attains a highest temperature ∼ 400 − 600 MeV and a
life time ≤ 10 fm, it may be realized to a large extent in
the heavy ion program at the Future Circular Collider
(FCC) [21].
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